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Stable laws and domains of attraction 
in free probability theory 

By Ham Bercovici and Vittorino Pata* 
with an appendix by Philippe Biane 

Abstract 

In this paper we determine the distributional behavior of sums of free (in 
the sense of Voiculescu) identically distributed, infinitesimal random variables. 
The theory is shown to parallel the classical theory of independent random vari- 
ables, though the limit laws are usually quite different. Our work subsumes 
all previously known instances of weak convergence of sums of free, identi- 
cally distributed random variables. In particular, we determine the domains 
of attraction of stable distributions in the free theory. These freely stable dis- 
tributions are studied in detail in the appendix, where their unimodality and 
duality properties are demonstrated. 

1. Introduction 

Denote by A4 the family of all Borel probability measures defined on the 
real line R. Two measures /i, v in M will be said to be equivalent if there 
exist real numbers a, b, with a > 0, such that n(S) = v{aS + b) for every 
Borel set S C R. If b = the equivalence relation will be said to be strict. 
We will write /i ~ v if n and v are equivalent. On the set A4 there are 
defined two associative composition laws denoted * and EE. The measure /i* v 
is the classical convolution of fi and v. In probabilistic terms, /U * v is the 
probability distribution of X+Y , where X and Y are (commuting) independent 
random variables with distributions /i and v, respectively. The measure EE! f 
is the free (additive) convolution of [i and v introduced by Voiculescu [18] (for 
compactly supported measures; free convolution was extended by Maassen 
[11] to measures with finite variance and by Bercovici and Voiculescu [4] to the 
whole class Ai). Thus, /i EE! v is the probability distribution of X + Y, where 
X and Y are free random variables with distributions [i and v, respectively. 
There are, naturally, free analogues of multiplicative convolution; these were 
first studied in [19]. 
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An important class of measures occurs in connection with the study of 
the limit laws of probability. A measure v G M will be said to be *-infinitely 
divisible if, for every natural number n, there exists a measure fi n G M. such 
that 

V = fl n * fi n * ■ ■ ■ * fi n . 

v ' 

n times 

Analogously, a measure v G M. will be said to be Bi-infinitely divisible if, for 
every natural number n, there exists a measure fi n E M. such that 

v = ji n EH fi n EH • • • EH fi n . 

V v ' 

n times 

Among the (* or EH)-infinitely divisible measures are the stable measures defined 
as follows. A measure v which is not a point mass will be said to be *-stable 
(resp., S- stable) if for every fii,fi2 E such that fi\ ~ v ~ fi2 it follows that 
fii * H2 ~ v (resp., n\ EH fi2 ~ Stability will be said to be strict if the 
equivalence relation ~ is strict. 

Measures which are *-innnitely divisible were studied by de Finetti, 
Kolmogorov, Levy, and Hincin. The ffl-infinitely divisible measures were intro- 
duced by Voiculescu [18] in the context of compact supports, and his results 
were extended in [11] and [4]. In particular, [4] contains a description of the 
EH-stable laws, most of which do not have compact support. 

Before outlining the role of infinitely divisible and stable measures in re- 
lation with limit laws we need a few more definitions. If u n and v are elements 
of Ai or, more generally, finite Borel measures on R, we say that v n converge 
to v weakly if 

f(t)du n (t)= / f{t)dv(t) 
-00 J-oo 

for every bounded continuous function / on R. Fix now two measures fi,u G 
M.. We will say that fx belongs to the partial *-domain of attraction (resp., par- 
tial Si-domain of attraction) of v if there exist measures fJ,i,fJ,2, ■ ■ ■ equivalent 
to /x, and natural numbers k± < &2 < ■ ■ ■ such that 

* * ■ ■ ■ * resp., \l n EH n n EH • • • EH fi n 

v ' I V v 

k n times \ k n times 

converges weakly to v as n^oo. If the above convergence holds with k n = n, 
we say that fi belongs to the *-domain of attraction (resp., S-domain of attrac- 
tion) of v. We will denote by V*(v) (resp., V*(v), Vm{v), *Dm{v)) the partial 
*-domain of attraction (resp., *-domain of attraction, partial ffl-domain of at- 
traction, EH-domain of attraction) of v. The following result is due to Hincin 
for the classical convolution. For free convolution it was proved in [13]. 
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1.1. Theorem. A measure v G M. is ^-infinitely divisible (resp., EB- 
infinitely divisible) if and only ifV*(v) {resp., Vm(v)) is not empty. 

The next theorem, perhaps the most important result of this work, gives 
an identification of the partial EB-domains of attraction. 

1.2. Theorem. There exists a bisection v <-> v' between ^-infinitely divis- 
ible measures u and ^-infinitely divisible measures v' such thatV*(v) = Vm(v'). 
More precisely, let \x n G M., let k\ < k 2 < • • • be natural numbers, and set 



Then v n converges weakly to v if and only if v' n converges weakly to v' . 

This result shows that the large body of classical work dedicated to the 
study of limit laws for sums of independent identically distributed random 
variables can be transferred directly to the free context. 

Passing now to stability, observe that a stable law belongs to its own 
domain of attraction, and in fact the following is true. 

1.3. Theorem. Assume that u G M. is not a point mass. Then v is 
*- stable (resp., S- stable) if and only ifT>*(y) (resp., T>^(v)) is not empty. 

The definition of stable laws, and the above result, could be extended to 
include point masses, but there are good reasons for not doing so. Convergence 
to a point mass is the object of laws of large numbers. 

Theorem 1.3 was proved by Levy [9] in the classical case and by Pata [12] 
in the free case. 

The main result we prove for stability is as follows. This result was an- 
nounced in [1], but the proof we present here is not the one envisaged at the 
time [1] was written. 

1.4. Theorem. A measure fi £ M belongs to a ^-domain of attraction 
if and only if it belongs to a EH- domain of attraction. More precisely, there 
exists a bijection v <-> v 1 between *-stable laws v and S- stable laws v 1 such that 



A particular case of this result, related to the central limit theorem, was 
proved earlier. Namely, if X\,X2,... are nonconstant, bounded, free identi- 
cally distributed random variables with mean zero and variance one, it was 
shown by Voiculescu [17] that 



V n = fi n * fl n *---* /j n , 
^ .. ' 



v' n — jx n EB fi n EB • • • EB fin ■ 



k n times 



k n times 



V*(v)=V m (v'). 



x 1 + x 2 + --- + x, 



n 
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in distribution, where lu is the semicircle law with density 

*,«)-{ if(e[ - 2 ' 21 ' 

[ otherwise. 

The semicircle law to first appeared prominently as a weak limit in Wigner's 
work on the eigenvalues of large random matrices [22]. The free central limit 
theorem was extended to unbounded variables with finite variance by Maassen 
[11]. Finally, Pata [14] proved the following result, which we can now view as 
a particular case of Theorem 1.4. 

1.5. Theorem. Denote by v the standard Gaussian (or normal) distri- 
bution and by v' the standard semicircle distribution. Then we have T>*(y) 
= V m (i/). 

An analogous result for the weak law of large numbers was established in 
[10] and [2]. Namely, it was shown that the classical weak law of large numbers 
holds for a measure \i if and only if the free weak law of large numbers holds for 
[i. This result can now be seen as an immediate consequence of Theorem 1.2 
because the Dirac measure at the origin v = So corresponds with v' = 5$. The 
necessary and sufficient condition for the classical weak law of large numbers 
was given by Kolmogorov in terms of tail-sums. It is as follows: 

lim tfj,({x : \x\ > t}) = 0. 

The correspondence v v 1 is the same in Theorems 1.2 and 1.4. This cor- 
respondence is easily seen from the classical Levy-Hincin formula and its free 
counterpart (see [18], [11], and [4]). This may seem to be a rather formal 
correspondence, but Theorem 1.2 shows the relationship to be quite deep. 

There is a third operation on Ai denoted tfcl and called the Boolean con- 
volution. This was introduced by Speicher and Woroudi [16]. We will show 
in Section 6 that our results also extend to Boolean convolution. Infinitely 
divisible and (strictly) stable measures were determined in [16], where some of 
the basic limit theorems were proved, e.g., the central limit theorem for mea- 
sures with finite variance. Curiously, all measures in M are infinitely divisible 
relative to W. 

The appendix contributed by Philippe Biane gives a description of the 
densities of EE-stable distributions. This description allows him to prove that 
these distributions are unimodal and satisfy a duality relation, analogous to 
Zolotarev's relation satisfied by the *-stable distributions. 

The remainder of this paper is organized as follows. In Section 2 we discuss 
the calculation of free convolutions and we develop an asymptotic formula for 
Voiculescu's analogue of the Fourier transform which is the key to our results. 
Section 3 is dedicated to the proof of Theorem 1.2. The results about domains 
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of attraction are deduced in Section 4. In Section 5 we give a description of 
the Cauchy transforms of measures belonging to a domain of attraction. The 
corresponding limit theorems can also be based on the formulas given here, 
and this is the approach we described briefly in [1]. 

2. Cauchy transforms and free convolution 

As mentioned in the introduction, the free convolution fi EH v of two mea- 
sures jU, v G M. is the distribution of X + Y, where X and Y are free random 
variables with distributions [i and v, respectively. We will not enter the details 
of free random variables, but refer the reader to the monograph [21], and to 
[4] for the discussion of unbounded random variables. We concentrate on the 
analytic apparatus needed for the calculation of free convolutions. 

Denote by C the complex plane and set C + = {z G C : Qz > 0}, 
C = — C + . For a measure (jl G M. one defines the Cauchy transform 
G^C+^C-by 

/OO 1 
-oo 2 £ 

We also set F^(z) = 1/G^(z), z G C + , so that : C + — ► C + is analytic. It is 
easy to see that F^{z)/z tends to 1 as z — > oo nontangentially to R (i.e., such 
that Sftz/Qz stays bounded), and this implies that F^ has certain invertibility 
properties. To be precise, for two numbers n, M > we set 

T v = {z = x + iy e C + : |x| < rjy} 

and 

T V)M = {z = x + iy£T v :y> M}. 

Then for every n > there exists M = M(/x, rf) such that F M has a left inverse 
F" 1 defined on T^m- The function 

^(z) = J F- 1 («)-« 

will be called the Voiculescu transform of fx. It is not hard to show that 
^(/>ii{z) < for z in a truncated cone T^m where M is defined. We also have 
Urn (f>n(z)/z = as \z\ — > oo, z G T^; in other words, ^(z) = o(z) as |z| — ► oo, 

z g r^. 

2.1. Theorem. If /j,,u E Ai, then 4>^s v = <j>n + (fi v in any truncated cone 
T V; m where all three functions involved are defined. 

This remarkable result was discovered by Voiculescu [18]. He only con- 
sidered compactly supported measures fj,, in which case M is defined in a 
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neighborhood of oo. The result was extended by Maassen [11] to measures 
with finite variance; the general case was proved in [4]. 

2.2. Lemma. Let \x e M, n a natural number, and set 

u n = uffluffl---fflu. 

v v ' 

n times 

Assume that F.7 1 exists in a truncated cone Y„m- Then F/T 1 also exists in 
that truncated cone. 

Proof. Let ij' < r) and M' > M be such that F' 1 is defined in Y^^m' an d 
the relationship (ft Un = n(ft a holds in Y v ',m'- An easy calculation shows that 

Now, the right-hand side ift{z) = F~^(z)/n + (1 — 1/n) z is defined in r^, it 
takes values in C + , and 

By the uniqueness of analytic continuation we must have F il {ip{z)) = z for all 
z G T»7,m; hence F" 1 is defined in Y^m and is equal to ift there. □ 

In the study of limit laws it is important to translate weak convergence 
of probability measures into convergence properties of the corresponding 
Voiculescu transforms. This is achieved by the following result (cf. [4] and 
[2])- 

2.3. Proposition. Let \i n e M be a sequence. The following assertions 
are equivalent: 

(i) fi n converges weakly to a probability measure fi; 

(ii) there exist r\, M > such that the sequence (ft Un converges uniformly on 
T n ^M to a function (ft, and <ftu n {z) = o(\z\) uniformly in n as z — > oo, 
z €. T„ y M', 

(iii) there exist rj ,M' > such that the functions (ft Un are defined on T n t M i 
for every n, lim n _*oo 4>n n (w) exists for every y > M', and (ftn n {iy) = o(y) 
uniformly in n as y — > oo. 

Moreover, if (i) and (ii) are satisfied, then (ft = (ft u in T V; m . 

We will require a result about analytic functions which was already noted 
in a different form in [14]. 

2.4. Lemma. Let n,M,e be positive numbers, and let (ft : T„^m ~ ¥ 

C be 

an analytic function such that 

\(ft(z)\ < e\z\, z e r vM . 
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For every rj < 77 and M' > M there exists k > such that 

\4>'{z)\ <ke, z 6 T^m/. 

Proof. Fix z £ r^jw, and let r = r(z) be the largest number such that the 
circle {( : |£ — z| = r} is contained in the closure of T^m- Cauchy's inequality- 
then yields 

W{z)\<- sup e\C\ = -(\z\ + r)<^. 
r K _ z]=r r r 

Now, r can be calculated explicitly: 

■ \m- M n f \ 

r = mm < — , , y — M > 

l^nv / 

if z = x + i?/. It is clear that 

2UI 



/c = sup 

- rj'.M 



*er , M , r(z) 



is finite if rf < 77 and M' > M. □ 

In what follows, the statement "z — > 00 nontangentially" will simply mean 
that 1 2 1 — > 00 but SRz/Q'z stays bounded, i.e., z stays within a cone T^. Lemma 
2.4 implies that if (j>(z) = o(z) asz^oo nontangentially, then (j)'(z) = o(l) as 
z — > 00 nontangentially. 

The actual calculation of (fi^ requires inverting an analytic function. In 
order to avoid this inversion we will develop an approximation for <^>„ which 
will allow us to formulate weak limit theorems directly in terms of Cauchy 
transforms. 

2.5. Proposition. For every fi £ M we have 

1 



(l+o(l)) 



as z — ► co nontangentially. 



Proof. We have F fl (z) = z + «^(z) with u fM (z)/z — ► as z — > 00 nontan- 
gentially. An application of Lemma 2.4 (and the remark following it) implies 
that u^(z) = o(l) as z — ► 00 nontangentially. Thus we have F'^(z) = 1 + o(l) 
as z — ► 00 nontangentially, and this also implies that (F^ 1 )'(z) = 1 + o(l) as 
z — > 00 nontangentially. If |z| is sufficiently large then the straight line segment 
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joining z and F fl (z) lies in a truncated cone where <p^ is defined. Thus 

^{z) = F-\z)-z 

= F~\z) - F-\F,(z)) 

= r (i+ (i))dc 

= (*-F„(z))(l+o(l)) 
as z — > oo nontangentially. To conclude the proof observe that 



G,(z) - - 



1 



zGJzY 



and zG^(z) = 1 + o(l) as z — > oo nontangentially. 



□ 



The preceding statement can be made uniform over a tight family of mea- 
sures /ix. Recall that a family T C is fzp/ii if 

lim sup : \t\ > N}) = 0. 

2.6. Proposition. Let J 7 c M be a tight family. 

(1) For every 77 > there exists M > swc/t i/mi F^ 1 (and hence </> M ) is 
defined in T v ^m for every jj, € T. 

(2) Let rj and M be such that F~ l is defined in T Vj m for every /j, € T, and 
write 



4>^z) = z 2 



(l + v^z)), z eT VtM ,^e T. 



Then sup^gjp |f^(z)| = o(l) as z — ► 00 nontangentially. 

Proof. Define the functions as in the proof of Proposition 2.5. From 
that proof (and from the uniform nature of Lemma 2.4) we see that we only 
need to prove that u^(z)/z — ► uniformly in/i6fasz->oo nontangentially. 
To do this, fix iV > and z = x + iy € C + . We have 



z - t 



< 



1 + 



t e R, 



with equality for t = (x 2 + y 2 )/x if x 7^ 0, and 
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Thus for every fj, G M, 

\zG^z) - 1| 



< 



/•OO 




z 


J — OO 






roo 


t 




1 — OO 


z — 


t 



- - 1 j d M (t) 

dn(t) 



<J + [l-ti(-N,N)Jl+fy . 



When the last quantity above is less than 1/2 we can also make the following 
estimate: 



FJz) 



1 



zG^z) - 1 



zG^z) 



< 



- ij 

1 - \zGn(z) - 1| 



< 2 < 



- + [i-M(-iv,iv)^/i+(^ 



Assume now that we are given e, 77 > 0, and 2 G T^. Then A 7 " can be chosen so 
that 

[l-^((-Ar,AT))]Vl + r? 2 < \ 

for every fi <E J 7 . We can also choose M so that N/M < e/4, and we deduce 
that for z = x + iy £ T v ^m, 



w 1 



< £ 



for every fi £ J 7 (provided that e < 1/2). This demonstrates the uniformity of 
the convergence of to zero. □ 

A useful related result is as follows. 

2.7. Proposition. Let \i n € M be a sequence converging weakly to Sq. 
Then there exist n > and M > such that [i n has a Voiculescu transform of 
the form 



(l + v n (z)), zeT^M, 



and 



lim v n (z) =0, z £ T^m- 
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Proof. As in Proposition 2.6, it is possible to find a truncated cone T Vj m 
such that <f>^ n {z) has the above representation for z G T Vt M- We must only 
prove the last assertion. Upon restricting the truncated cone, we know from 
Proposition 2.3 that hin^^oo (j)^ n = uniformly on the bounded subsets of 
r^Af, and (fin^z) = o(\z\) uniformly in n as z — > oo, z G T^m- Fix now 
z G F Vj m- Then, in particular, z G Y^ t M' for some rf < r] and M' > M. Select 
e > 0. It is clear that, for every u G r^',M' ; we have |0^„(w)| < e|w|, for 



n big enough. Thus Lemma 2.4 entails |<^>„ n (u/)| < Zee, for some fixed k > 
(independent of e) for n big enough. Since ji n converges weakly to 5q, it is also 
clear that F fMn (z) — ► z, and therefore, for n big enough, the segment joining 

n—>oo 

z and F^ n (z) is entirely contained in T^m'- Proceeding as in the proof of 
Proposition 2.5, we have 



JF U „ (z) 



+ z' 



zG, n {z) 



+ 



f 



The proof is completed by observing that 



and limr. 



l/zG Mn (z) = l 



< \z-F^(z)\ke, 



□ 



3. The Levy-Hincin formula and limit laws 



A characterization of *-infinitely divisible measures v G M is given by 
the well-known Levy-Hincin formula in terms of the Fourier transform (or 
characteristic function) 



/oo 
e itx dv{x). 
-oo 



3.1. Theorem. A measure v G .M is ^-infinitely divisible if and only if 
there exist a finite positive Borel measure a on R, and a real number 7 such 
that 



{Tv)(f) = exp 



f 00 v , 

?7t+ / (e lte -l-^x)-^— d<7(x) 
J —00 % 



t G R, 



where (e ttx — 1 — itx)(x 2 + l)/x 2 mus£ 6e interpreted as —t 2 /2 for x = 0. 
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The free situation was settled in the general case in [4] (see also [3] ) , where 
it was shown that u e Mis ffl-infinitely divisible if and only if cj) v has an analytic 
continuation to C + with values in C _ U R. The Nevanlinna representation of 
functions with negative imaginary part yields then the following free analogue 
of the Levy-Hincin formula. 

3.2. Theorem. A measure v G Ai is ^-infinitely divisible if and only if 
there exist a finite positive Borel measure a on R, and a real number 7 such 
that 

/°° 1 A-tz 
——da(t), z G C + . 
-00 z £ 

The analogy between Theorems 3.1 and 3.2 is rather formal, though in 
special cases it was known to go deeper. For instance, if a is a Dirac mass at 
zero, the formula in Theorem 3.1 yields a Gaussian measure, while the formula 
in Theorem 3.2 gives a semicircle law. The Gaussian is related with the classical 
central limit theorem, while the semicircle is related with the free central limit 
theorem as first shown by Voiculescu [17]. The purpose of this section is to 
show that this analogy extends to all infinitely divisible measures. In order to 
facilitate the statements of our results we introduce some additional notation. 
Fix a finite positive Borel measure a on R and a real number 7. We denote 
by vl' a the *-infinitely divisible measure determined by the formula 



(^)(t)=exp 



roo 2 , 1 

*7t+ / {e ltx - I - itx)—^ da{x) 

J-00 x 2 



t G R, 



and we denote by the ffl-infinitely divisible measure such that 
^W = 7+/ ^-^da(t), z G C + . 

The following result is essentially contained in [8, §§18 and 24]. 

3.3. Theorem. Let vl ,a be a ^-infinitely divisible measure, let fj, n G M be 
a sequence, and let k± < hi < ■ ■ ■ be natural numbers. The following assertions 
are equivalent: 

(1) the sequence fi n *//„*■■■* fi n converges weakly to jaJ ,<t ; 

k n times 

(2) the measures 



x 2 



da n (x) = fc TO d/j, n (x) 
x A + 1 

converge weakly to a and 



/°° x 
-=— — - dfin(x) = 7. 
-00 x + 1 
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The preceding theorem is not stated as such in [8] because the results 
there are concerned mostly with convolutions of distinct measures. It is in- 
teresting to note that the numbers k n J^ t x dfx n (x) are preferred in [8] to 
k n x/(x 2 + 1) dfi n (x), most likely on account of their probabilistic interpre- 
tation as truncated expected values. It is easy to see that under the equivalent 
conditions of Theorem 3.3 we have 

k n [ xd/j, n (x)-k n [ X dn n (x) — ► / xda(x)- [ -da(x), 

J-T J- 00 X 2 + 1 ^ooJ_ T J\ X \ >T X 

provided that r and — r are not atoms of a. 

We are now ready to state the main result of this section. 

3.4. Theorem. Fix a finite positive Borel measure a on R, a real number 
7, a sequence fi n £ M, and a sequence of positive integers fci < &2 < ■ ■ ■ . The 
following assertions are equivalent: 

(1) the sequence fi n * fi n * • • • * fi n converges weakly to h / 2' a ', 

k n times 

(2) the sequence fi n ffl /j, n ffl ■ ■ ■ ffl /j, n converges weakly to 

k n times 

(3) the measures 

r2 



da n (x) = k n ^ 2 ■ - dfx n (x) 



x 

x 2 + :i 

converge weakly to a and 



/°° x 
dfi n (x) = 7. 
-00 ^ + 1 



Proof. The equivalence of (1) and (3) is just a restatement of Theorem 
3.3. We will prove the equivalence of (2) and (3). Assume first that (2) holds. 
By Lemma 2.2 and Proposition 2.3 there exists a truncated cone T Vj m such 
that 

lim k n <p^ n {z) = 0„7,»(z), z G T vM , 
and \k n <j)^ n (z)\ < u{z) with \im z _ 00tZe r V: M u ( z )/ z = °- Tnen we nave 

l«W*)l<^->o, 

and therefore fj, n converges weakly to So; indeed, <f)s = 0. From Proposition 
2.6 we get 

1" 



(l + »„(2», 
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where |i>n(<z)| < v(z), and lim^oo^er,, M v(z) = 0. By decreasing the cone we 
may assume that v(z) < 1/2, and using Proposition 2.7 we deduce that 



(3.5) 
and 
(3.6) 



k n z 



1 + V n (z) n^co 

u(z) 



< 



Observe now that 



k n z 



G, n (z)-- 



1 + v(z) 



< 2u(z), z G r^Af- 



z - t 



d(i n (t), z G C H 



It is easily seen that this function has negative imaginary part, though it is not 
written in standard Nevanlinna form. We can write it in that form as follows: 



k n z 



where 



and 



In 



f°° \-\-tz 

ln+ I -da n {t), z G C + , 



/oo 
1 



t 



da n (t) 



. + t 2 

OO *- T 
kn.t 



dfJ, n (t), 



l + t 2 



dfj, n (t). 



Inequality (3.6) for z = iy, y G R, implies now 



1 r°° \ + t 2 

^ n ({t : \t\ > y}) < J da n (t) 



oo 



■<5 Z 



< 



y 
y 



GM-- 



Because lim^oo u{iy) = we conclude that the sequence a n is tight, and hence 
it has weakly convergent subsequences. If a subsequence u n . converges weakly 
to a measure a' and z = x + iy G T^m, then from (3.5) we must have 



j — < 



y 2 + (x - tf 



-( 



y 2 + (x - t) 



2 (l+t 2 )da nj (t) 



= — lim k n .^s ( z 



L 



oo 



GM- 



y 



y 2 + (x- t) 2 



{l + t 2 )da{t). 
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Thus the measures (1 + t 2 )da'(t) and (1 + t 2 )da{t) have the same Poisson 
integral (in an open set and hence everywhere in C + ), and this can only happen 
if a' = a. We deduce that the sequence a n converges weakly to a. Finally, 



r°° l + tz 
7 = <P„^(z) ~ / T d cr(t) 

= lim <<f> uZ ,*{z)- / -da n {t) 



z - t 



= lim \j n + 4> u i,°(z) - k n z 2 Gn(z)- 



Since 



^ul' a {z) - k n z 2 



o, 



we conclude that limn^oo 7„ exists and it equals 7. 
Conversely, assume that (3) holds. Since 

l + £ 2 [°° t 2 1 + e 2 1 

Vn({t : \t\ > £}) < J Y^Tj? d Vn(t) < ~^2—]T a ™( R ) 

for every e > 0, we deduce that fi n converges weakly to 5q. Therefore there 
exists a truncated cone T Vt M such that 

1" 



4>»n( Z ) = 



(l + v n (z)), zeT v , 



where the v n are dominated by a positive function v with ]im z -t O0jZe -r ri M v(z) 
= 0. Using again the Nevanlinna representation 



k n z 



= ln + 



r°° 1 

j —00 * 



+ tz 



da n (t), z £ C + , 



we see that condition (3) implies immediately that 



lim 



GM- 



Hence 



(l + v n (z)) 



also converges to <\> v i,<>{z) as n — > 00 for z G ^ V ,M- To conclude the proof it 
suffices (by Prop. 2.3) to show that 



k n {iyf 



G» n (iy)- 



iy. 



o(y) as y — > 00 



uniformly in n. Since 7„ is a bounded sequence, this amounts to showing that 

roc 1 + ity 



f 

j — i 



iy - t 



da n (t) = o{y) as y — »■ 00 
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uniformly in n. It is easy to verify that 

1 + ity 



iy - 1 

for y > 1. Hence, if M > and y > 1, 



i + % 

iy -t 



dcr n (t) 



M 



< 



< 2 



2 i±S d<7 n (t) + ya n {{t : \t\ > M}) 



m y + \t 

l + My 



y + M 



+ y<Tn({t : \t\ > M}). 



The desired conclusion follows from the last inequality since a n was assumed 
to be a tight sequence. □ 



4. Stable laws and domains of attraction 

In this section we will prove the results announced in the introduction on 
(partial) domains of attraction. We will also discuss briefly the domains of 
normal attraction of the stable laws. We begin by applying the main result of 
Section 3 to identically distributed random variables. 

4.1. Theorem. Suppose we are given a measure [i G sequences of 
independent random variables X n with distribution fi, free random variables 
Y n with distribution fi, positive numbers B n , real numbers A n , and natural 
numbers fci < &2 < ■ ■ ■ . The following two statements are equivalent: 

(1) the variables 



Z n — 

converge in distribution; 
(2) the variables 



x l + x 2 + ... + x kn 



B. 



n 



Wn = Yl + Y2+ +Ytn _^ 

tin 



'n 



converge in distribution. 

If these two equivalent statements are true then there exist a real number 7, 
and a positive, finite Borel measure a on R, such that the limit of Z n is zaJ' ct 
and the limit ofW n is . 

Proof. Define measures fi n G M by 

Ar 



H n (S) = n ( B n S , 
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for every Borel set ScR. Since the distribution of Z n is 

* * • • • * Mn, 

V v ' 

k n times 

while the distribution of W n is 

V v ' 

fc n times 

the result easily follows from Theorem 3.4. □ 

The preceding result does imply the classical result of Hincin that a mea- 
sure v is *-infinitely divisible if and only if it has a (nonempty) *-domain of 
partial attraction. It also implies the free version of this result, first proved in 
[13]. Theorem 4.1 gives an identification of the domains of partial attraction 
as follows. 

4.2. Corollary. For every real number^ and every finite, positive Borel 
measure a on R we have 

Taking k n = n in Theorem 4.1 we obtain the following result. 

4.3. Corollary. Let 7 be a real number, and a a finite, positive Borel 
measure on R. The measure is *-stable if and only if the measure is 
S- stable. We always have 

Since a stable law always belongs to its own domain of attraction, we 
have the following "practical" way of determining the correspondence between 
*-stable and ffl-stable laws. 

4.4. Corollary. Assume that is *-stable (or v^' a is Si-stable). Then 
we have that v2 ,a & T> and v^ a G P*(^7 ,<T ). 

Given v 6 M. we denote its dilation by a factor a > by D a v(S) = v(aS). 
Let us fix now a *-stable measure v. Associated with v there is a number 
a £ (0,2] such that the measure v * v is a translate of the measure Di^af. 
The number a is called the stability index of v. Let now [i belong to the 
*-domain of attraction of v. Thus, if X n is a sequence of independent identi- 
cally distributed variables with common distribution n, there exist constants 
A n , B n , with B n > 0, such that the variables B~ 1 (X\ + X2 + • • • + X n ) — A n 
converge to v in distribution. If the constants B n can be chosen of the form 
en 1 /", with c independent of n, then fi is in the normal *-domain of attraction 
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of v. The normal EE-domain of attraction of a ffl-stable law is defined in an 
analogous manner, and the following result is then an immediate consequence 
of Theorem 4.1. 

4.5. COROLLARY. Assume that v2' a is *-stable. Then the normal 
*-domain of attraction of v2' a coincides with the normal ^-domain of attrac- 
tion of a . 

The case a = 2 of this result was proved in [14], where it was shown that 
the normal ffl-domain of attraction of the semicircle laws coincides with the 
class of measures with finite variance. 

5. Cauchy transforms and domains of attraction 

In order to discuss a little further the (* or EE!)-domains of attraction we 
need a few facts from the theory of regularly varying functions. Since these 
facts, though classical, may not be so well known, we list them here. 

A positive Borel function I defined in a neighborhood of +oo is said to be 
slowly varying if 

£(tx) 

lim -i-^- = 1, for all t > 0. 

A positive Borel function r defined in a neighborhood of +oo is regularly vary- 
ing with index p G R if r(y) = y p £(y), with t slowly varying. We denote by 
Hp the class of (germs at +oo of) regularly varying functions with index p, so 
that TZq is the class of slowly varying functions. As usual, we write / ~ g as 
x — > oo if lim-r^oo f(x)/g(x) = 1. It will be convenient to use the following 
convention: the asymptotic relation / ~ kg means lim a; _ >00 f(x)/g(x) = if 
k = 0. This is useful in writing certain statements in a uniform way. 

The following result is due to Karamata. It can be found in [6] (cf. The- 
orems 1.6.4 and 1.6.5 and the comments following 1.6.5). 

5.1. Theorem. Let a and n be real numbers such that < a < n, and 
let p be a finite positive Borel measure on [0, +oo). The following assertions 
are equivalent: 

(1) the function y t— ► p((y, oo)) varies regularly with index —a; 

(2) the function y ^ J^f t n dp(t) varies regularly with index n — a. 

If these equivalent conditions are verified, then 



a 



t n dp(t) ~ y n p((y, oo)) as y -> oo. 

o n — cx 

The situation is more complicated when n = a, and it was studied by 
de Haan (see [6, Chap. 3]). We only state a simple result for a = 1 because it 
is the only case used here. 
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5.2. Proposition. Let p be a finite Borel measure on [0, +oo) such that 
the function y p((y, oo)) varies regularly with index — 1. Then the function 
y i ^ Jq tdp{t) is slowly varying and 



yp({y, oo)) = °(yJ Q f dp ^ ) as v ~^ °°- 

Another useful result of Karamata refers to Stieltjes transforms (cf. [6, 
Th. 1.7.4]). We recall that a Baire measure is a Borel measure which takes 
finite values on compact sets. 

5.3. Theorem. Let p be a positive Baire measure on [0, +oo), and fix 
a G (0,1]. The following conditions are equivalent: 

(1) the function y i— > p([0, y)) varies regularly with index 1 — a; 

(2) the function y i— > J °° l/(i + y) dp(t) varies regularly with index —a. 

If these equivalent conditions are satisfied then 



f 

Jo 



1 , m (l-a)7rp([0,2/)) 

■ dp[t) ~ — : as y — ► oo, 



t + y sin ira y 

where the constant (1 — a)ir/ sin-7TQ must be replaced by 1 if a = 1. 
We actually need a variation of this result. 

5.4. Corollary. Let p be a positive Baire measure on [0, +oo), and fix 
a £ (0,2]. The following conditions are equivalent: 

(1) the function y t— ► p([0, y)) varies regularly with index 2 — a; 

(2) the function y ^ l/(t 2 + y 2 ) dp(t) varies regularly with index —a. 

If these equivalent conditions are satisfied then 

d PW r - ^ 2 — as y ^ oo, 



t 2 + y 2 I K ' sin^ y 

where the constant (1 — a/2)n/ sin(7ra/2) must be replaced by 1 if a = 2. 
The corollary is readily obtained by observing that 



/ 72~, — 2 d P^ = rr, — d Pi(*)> 



with yi = y 2 and dp\(t) = dp(\/i). The proof of the following result is equally 
easy. 
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5.5. Corollary. Let p and a be as in Corollary 5.4. We have 
y a - 2 p([0,y)) = o(l) asy^oo 



if and only if 



poo 1 

y a / 72~, — 2 = flS f ^ °°- 
Jo 1 + y 



Aside from the *-domain of attraction of the normal law, *-domains of 
attraction (and hence EB-domains of attraction) are classified by two parameters 
a G (0,2), i.e., the stability index, and 9 G [—1,1]. For further reference we 
record the following. 

5.6. Definition. Fix a G (0,2) and 6 G [—1,1]. We say that a measure 
p. G M belongs to the domain C a> e if the following conditions are satisfied: 

(1) the function y t 2 dp:(t) varies regularly with index 2 — a; 

(2) 

Hm M(*.oo)) -n((-oo,-t)) = 
t^oo p{(t,oo)) + //((-oo,-i)) 

Observe that for p G C aj g, 

Km f^°n =p> 

t-><x> ^((t, oo)) + /x((— oo, — t)) 

,. m((-°°>-*)) 

hm — — — = q, 

t^oo p((t, oo)) + p{{-oo, -t)) 

where p = (1 + 0)/2 and q= (l-0)/2 so that p > 0, g > 0, p + g = 1, and 
p — q = 8. 

A classical result on domains of attraction (see [8]) is that each C a $ con- 
tains exactly one equivalence class of *-stable measures, and C a ,e coincides 
with the *-domain of attraction of each of those *-stable measures. By virtue 
of the results of Section 4 we have then proved the following theorem. 

5.7. Theorem. Let a G (0,2) and 6 G [—1, 1]. Then there exist a unique 
class of equivalence of *- stable laws \y\ and a unique class of equivalence of 
^-stable laws [v'\ such that u G C a ^ and v' G C a fi. Moreover V*{v) = 

= Cafi- 

The above theorem does not take into account the case corresponding to 
a = 2, i.e., the central limit theorem (see [14]). Indeed a measure p G M 
belongs to the *-domain of attraction of the Gaussian if and only if it belongs 
to the EE-domain of attraction of the semicircle law if and only if the function 
y i ^ f y y t 2 dp(t) is slowly varying. 
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We will describe measures in C a $ via the values of their Cauchy transforms 
on the imaginary axis. We begin by observing that 



for fi £ M and y > 0. 

5.8. Proposition. For a measure fj, G M and a £ (0,2) the following 
assertions are equivalent: 

(1) the function y ^ fi({t : \t\ > y}) varies regularly with index —a; 

(2) the function y ^ f^ y t 2 d(i(t) varies regularly with index 2 — a; 

(3) the function y J y y |i| 3 dfi(t) varies regularly with index 3 — a; 

(4) the function y i-> t 2 /(y 2 + t 2 ) dfj,(t) varies regularly with index —a. 

If a £ (1,2) then (l)-(4) are also equivalent to: 

(5) the function y i-> \t\ 3 /(y 2 + t 2 ) d/i(t) varies regularly with index 1 — a. 

If a £ (0,1) then conditions (l)-(4) are also equivalent to: 

(6) the function y i— ► f y y \t\ dfi(t) varies regularly with index 1 — a; 

(7) the function y i-> \t\ 3 / (y 2 +t 2 ) dfi(t) varies regularly with index —1—a. 

If a = 1 then condition (1) implies conditions (6) and (7), which are equivalent 
to each other. If (I) is satisfied, we have 





2 



: 1*1 > y}) as y °° > 



sin^f 



and 




as y — ► 00. 



If a £ (1,2) we a/so /lave 




2 



y^({t : |i| > y}) as y -> 00. 




I/a e (0,1) i/ien 




2 



-/u({t : |t| > y}) as y ^ 00. 
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Finally, if a = 1, 



f°° \t\ 1 f y 

/ ^2T72 d A*(*) ~ -2 / 1*1 d M*) asy^oo, 
oo y ' 1 y j —y 



and 



p({t : \t\ > y}) = °(jjj 1*1 as 2/ 



oo. 



Proof. The equivalence of (1), (2), (3), and (6) (for a G (0,1)) follows 
immediately from Theorem 5.1 applied to the measure p defined by 

p(S)=fi({t:\t\eS}), Sc[0,+oo). 

Proposition 5.2 applied to the same measure shows that (1) implies (6) if a = 1. 
In order to prove the equivalence of (3) and (4) consider the Baire measure p 
on [0, oo) determined by 



p([0,y)) = I t 2 dp(t), y>0. 



Then we can write 



f 

j — < 



t 2 , . . f°° dp(t) 



and the desired equivalence follows immediately from Corollary 5.4. The equiv- 
alence between (3) and (5) (for a G (1,2)) and between (6) and (7) (for 
a £ (0,1]) is proved analogously. The asymptotic relations follow from the 
corresponding results about slowly varying functions. □ 

We can now characterize measures in C a ^Q in terms of the behavior of 
their Cauchy transforms on the imaginary axis. We prove three statements 
corresponding to the cases a < 1, a > 1, and a = 1. 

5.9. Proposition. Fix a G (0,1), 6 e [—1,1], and p G M. The following 
assertions are equivalent: 

(1) p G C afi ; 

(2) there exists f G lZ- a -i such that 

1 / TTCt \ 

G^iy) - — = [i + 6t&n— j f(y)(l + o(l)) as y -> oo; 

(3) there exists g G 1Zi- a such that 

i + etan— J g(y)(l + o(l)) as y 



oo. 
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Proof. We observe first that the equivalence between (2) and (3) is an 
immediate consequence of Proposition 2.5; in fact, we can take g(y) = y 2 f(y)- 
We must therefore prove the equivalence of (1) and (2). Assume first that (1) 
holds, and set 

The function / belongs to 1Z-\- a by Proposition 5.8, and 

sin — 

H({t : \t\ > y}) ^~yf{y) as y -► oo. 

2 

Furthermore, since a € (0, 1), we also have 



\t\ — 1 
' Mt) r*a-M{t: \t\ >y}) 



-oo V 2 + t 2 cos^y' 

~tan— f(y) as y -> oo. 

Consider now the numbers p = (1 + 9)/2 and q = (1 — 6>)/2. Since /U G C Qi #, 

K(y,oo)) ~p/J,{{t : \t\ > y}) as y ^ oo. 
Thus oo)) varies regularly with index —a (if p / 0), and 



o y 2 + t 2 cos ^ y 



f°° \t\ 

~ p / 2 1/2 as y ^ oo. 

If p = this relation simply means 

In an analogous manner, 

f° t f°° \t\ 



so that 



f°° t f°° \t\ 

. ir a 
~0tan— f(y) as y -> oo. 

The representation in (2) follows immediately from the formula 



1 i f°° t 2 f c 



,2 



+ t 2 
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Conversely, assume that (2) holds. Then 

1 



G^iy) 

iy 



is a function of regular variation with index —a — 1, asymptotic to f(y) as 
y — ► oo. Considering real parts we also obtain 



f 

j — t 



t 7TCX 

d/j,(t) ~ 9 tan — f(y) as y — ► oo. 



y 2 + i 2 ^ w 2 
Since we know from Proposition 5.8 that 



/_ 



2 2 <WJ ~ tan —}{y) as y ^ oo, 

oo 2/ "r £ ^ 



we conclude that 

(•OO 



f°° t If 00 \t\ If 00 t 



: 1*1 > 2/}) asy^oo. 

Proposition 5.8 (applied to the restriction of fi to the positive axis) implies 
now that 

/j,((t,oo))~pfi({t:\t\>y}) as y -> oo, 

and therefore we can conclude that /x G C Qi 0. The proposition is proved. □ 

If a > 1 then measures in have finite mean, and therefore each mea- 
sure in that domain is equivalent to a measure with zero mean. Thus there 
is little loss of generality in considering only measures with zero mean in this 
case. 

5.10. Proposition. Fix a € (1,2), e [—1,1], and /i € M. Assume 
that fj, has zero mean. The following assertions are equivalent: 

(1) n € C afi ; 

(2) there exists f £ TZ^ a ^\ such that 



] / TTCt \ 

G ^ i y)-- = { i + dtan ^)f(y)( 1 + °( 1 )) as 

(3) there exists g £ TZ\- a such that 

i + 9tan— J g(y)(l + o(l)) as y 



oo. 
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Proof. Since \i has zero mean, 
t 



f 

J — < 



■dn(t) 



poo 


t 


t ' 


1 — oo 


_y 2 +t 2 





y 2 + t 2 

1 f°° t 3 

The proof proceeds along the lines of the preceding one, with 

/oo 
t/{y 2 +t 2 )d^{t) 
-oo 

replaced by 

/oo 
t 3 /(y 2 + t 2 )d^(t). 
-oo 

We leave the details to the interested reader. □ 



The situation is more complicated for measures in Ci t g, some of which 
have finite mean. We limit ourselves to a partial result. 

5.11. Proposition. Fix 9 € [—1,1], and // e C\$. Then 
1 1 f y 

G^iy) - — = — 2/ td n{t) +if(y) +o(l)g{y) asy^co, 

W y J —y 

where f,g£ 1Z-2 and satisfy 

1 f y 

9{y) ~ — / 1*1 d n(t) as y -> 00 

V J-y 

and 

IT 1 

f(y) ~ ^-m({* : 1*1 > y}) = °(y(y)) as v °°- 
^ y 

Proof. As before, /(y) can be taken to be the imaginary part of 
Gfj,(iy) — l/iy, so we only need to consider the real part. Since 

y ^ +°°)) ~ pm({* : 1*1 > y}) asy^oo 

is a function of regular variation with index —1 (if p 7^ 0), Proposition 5.8 
implies that 

f°° t 1 f y 

/ -5 "tt <i//(i) ~ / tdfi(t) as y — > 00. 

7o y + * y Jo 

Thus setting 

1 Z' 5 ' 

y(y) = — / 1*1 dfi{t) as y -> 00, 

y J— j/ 

it is easy to conclude that the desired representation holds. □ 



STABLE LAWS IN FREE PROBABILITY 



1047 



It is somewhat unsatisfactory that the constant 9 does not appear explic- 
itly in the formula given in Proposition 5.11. Let us note, however, that for 
measures fx with infinite mean, 

0y 2 g{y) = 9 f \t\ dfi(t) ~ T tdfi(t) as y oo, 
J-y J -y 

and the statement takes a form more similar to Propositions 5.9 and 5.10. 

It is now fairly easy to determine the ffl-stable laws in each of the domains 
C Q) 0. The complex functions in the following statement are given by their 
principal value in the upper half-plane. 

5.12. Proposition. 

(1) If a £ (0, 1) U (1,2) and 9 £ [—1, 1], then the measure v £ M with 

<p u ( z ) = -(i + 9t a n^i a - 1 z 1 - a 

belongs to C a> e. 

(2) If 9 £ [—1, 1], then the measure v £ M. with 

</> v (z) = 29\ogz -m{l + 9) 

belongs to C\fi- 

Proof. For a ^ 1 it is known (see [4]) that the Voiculescu transforms of 
the stable laws of index a have the form a + bz l ~ a . Among these, the function 
— i a ~^z^~ a is equal to y l ~ a for z = iy, and this function is of regular variation 
with index 1 — a. The general form in the statement is easily deduced from 
Propositions 5.9 and 5.10. In order to arrive at the formula (2), we note that 
a measure [i such that 

yfi({t : \t\ > y}) ~ 1 as y -> oo 

must satisfy 



/\t\ dfi(t) ~ logy as y —> oo. 
~y 

The functions in (2) are exactly those stable laws of index 1 which achieve the 
proper balance between real and imaginary parts. □ 

If n £ M a ffl-stable distribution with stability index a £ (0, 2], from the 
relation <pD a ^{ z ) = ^^(z/a) (where D a \i is the dilation of \i by a factor a > 0), 
it is easy to verify that the measure D a fi SD^fi is a translate of the measure 
D^ aa+ba y/ a fJ- (and is equal to it in the case of a strictly ffl-stable distribution). 
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It is interesting to note that every ffl-stable distribution of stability index 
/ 1 is equivalent to some strictly ffl-stable distribution, but this is not the case 
for a = 1, where the strictly ffl-stable distributions are the ones with constant 
Voiculescu transform, namely, the Dirac measures and the measures equivalent 
to the Cauchy distribution. Note that these measures are also exactly the 
strictly *-stable distributions of stability index 1 (see e.g. [8]). 

6. Limit laws for Boolean convolution 



We have seen earlier how one can associate to a given measure p G M. 
its Cauchy transform and its reciprocal = 1/G„ : C + — ► C + . We have 
9z < QF^(z) so that the function E^z) = z — F^(z) maps C + to C U R, 
and, in addition, E /x (z)/z — ► as z — > oo nontangentially. Conversely, if 
E : C + — > C U R is an analytic function so that E[z)jz — > as z — > oo 
nontangentially, then there exists p G M such that E„ = E. This observation 
leads to the formal definition of the Boolean convolution introduced in [16]. 
Given p, v € Ai, there exists p G M. such that 

E p = E fl + E v . 

The measure p is called the Boolean convolution of p and v, and it is denoted 
p ttl zv. Boolean convolution is an associative, commutative law, with <5o as the 
zero element. We have 6 S W St = S s+ t, but generally St W ^ is not a translate of 
/x. We will show that the limit laws of Boolean convolution are determined by 
the limit laws of classical probability, just as in the case of free convolution. 
The basic tool is the following counterpart of Propositions 2.5 and 2.6. 



6.1. Proposition. For every p G M, 



G,(z) - - 

z 



(l + o(l)) 



as z — ► oo nontangentially. Moreover, if T C M. is a tight family and we write 



E^z) = z 2 



1 



(1 zGC+^G-F, 



then sup^ eF |f^(z)| = o(l) as z — > oo nontangentially. 
Proof. Observe that 



G,{z) - - 



GC+. 



z\ zG^(z)' 

The conclusion now can be deduced as in the proof of Propositions 2.5 and 
2.6, except that the situation is much simpler here because no inversion is 
required. □ 
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An immediate consequence of Propositions 6.1 and 2.3 is that the map 
/j, I— ► behaves well relative to weak convergence. We record the result 
below. 

6.2. Proposition. Let [i n £ M. be a sequence. The following assertions 
are equivalent: 

(i) fj, n converges weakly to a probability measure fi; 

(ii) there exist rj, M > such that the sequence E^ n converges uniformly on 
T V: m to a function E, and E^iz) = o(\z\) uniformly in n as z — ► oo, 



(iii) There exists M' > such that limn^oo £^ n (iy) exists for every y > M', 

and E^ n {iy) = o(y) uniformly in n as y — ► oo. 
Moreover, if (i) and (ii) are satisfied, we have E = E^- 

As we have seen before, analytic functions E : C + — ► C U R, with 
E{z) = o(z) as z — > oo nontangentially, have a Nevanlinna representation 



where 7 is a real number and a is a finite, positive Borel measure on R. We 
will denote by v^ a the measure in M. determined by 



Every measure ji £ Ai is of the form . This reflects the fact that all 
measures in M. are l±)-infinitely divisible. We are now ready for the main result 
of this section Its proof is practically identical with that of Theorem 3.4 (whose 
statement is also repeated here) and is therefore omitted. 

6.3. Theorem. Fix a finite positive Borel measure a on R, a real number 
7, a sequence fj, n £ M., and a sequence of positive integers k\ < k<i < ■ ■ ■ . The 
following assertions are equivalent: 

(1) The sequence fi n * \i n * • • • * fi n converges weakly to v* ,CT ; 






z £ C+. 



k n times 



(2) The sequence \i n EH fi n EH • • • EH fj, n converges weakly to v { 



,7,0-. 



k n times 



(3) The sequence ji n W /x n W ■ ■ ■ W ji n converges weakly to v y 



,7,0". 



k n times 
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(4) The measures 



x 2 



da n (x) = k n dp n {x) 
x l + 1 



converge weakly to a, and 

f°° x 
lim k n / cW(» = 7- 



We will not write out formally the consequences of this result. Note how- 
ever that it implies that every \i € M. has a nonempty l±J-domain of partial 
attraction which is identical with the *-domain of partial attraction of some 
*-infinitely divisible measure. The laws which have a nonempty ttJ-domain of 
attraction can also be easily determined. Not all of these however are W-stable. 
For instance, if E^z) has the form a + 61ogz with 6/0, then p, is not l+J-stable 
even though it has a l±)-domain of attraction. The results of [16] concerning 
the central limit theorem and limit theorems for the Boolean analogues of the 
Poisson laws also follow from Theorem 6.3. 



Appendix 

The density of free stable distributions 



It is easy to see from Proposition 5.12 (see also [4, Thm. 7.5]), that every 
ffl-stable distribution is equivalent to a unique distribution whose Voiculescu 
transform belongs to the following list: 

(1) <f>(z)=z- 1 ; 

(2) (f>(z) = e i( - a -^ z' a+1 with Ka<2, < p < 1; 

(3) we consider two subcases 

(i) 4>(z) = o, 

(ii) </>(z) = -2pi + 2(2p- l)/7rlog z with < p < 1; 

(4) 4>(z) = _ e i«p^-a+i w ith < a < 1, 0< p<l. 

The stability index of a ffl-stable distribution is equal to 2 in case (1), to a 
in cases (2) and (4), and to 1 in case (3). The parameter p which appears in 
cases (2), (3) and (4) will be called the asymmetry coefficient, and one can see 
that the measure corresponding to the parameters (a, p) is the image of the 
measure with parameters (a, 1 — p) by the map t *— ► — t on R. 

The parameter p is related to the parameter 6 considered earlier in this 
paper by the formula 2p = 9 + 1. In the sequel we will consider only the ffl- 
stable distributions whose Voiculescu transforms belong to the list above, and 
we will denote the ffl-stable distribution with stability index a and asymmetry 
coefficient p by z/ Q)P . 
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In some special cases, it is possible to give a simple formula for the EB-stable 
distributions, namely, the case (1) corresponds to the semicircle distribution, 
the case (3)(i) to the Dirac measure at zero, the case (3)(ii), with p = 1/2, to 
the Cauchy distribution, and the density in the cases (1/2,0) and (1/2, 1) can 
also be computed in closed form (see the remark after Prop. A1.4). 

In Section Al below we will give a formula for the density of the in- 
stable distributions from which one can answer almost any question on these 
distributions. In particular, we will compute explicitly the support of these 
distributions, and show that they have analytic densities. We will compute 
the asymptotic behavior of these densities in Section A2, and we will also 
show that the EH-stable distributions are unimodal. In Section A3, we will see 
that they satisfy a duality relation analogous to that of the classical stable 
distributions on the real line (we refer to the monograph [23] of Zolotarev for 
information on the stable distributions on the line). Finally, Section A4 will 
be devoted to some properties of the EE-stable distributions with respect to free 
multiplicative convolution. 

Al. A formula for the density of the EB-stable distributions 

Case (1) above, namely 4>{z) = corresponds to the semicircle distri- 
bution. We start with case (2), so we consider the function 

with l<a<2, 0<p<l. 

Al.l. Lemma. Let 1 < a < 2 and < p < 1 and define the following 
region: 

n a = \ re- id G CT : < 9 < tt, < r a < ' 



sin[(2 — a)pn + (a — 1) 



Then the map G v is a one-to-one conformal transformation from C + onto 

Proof. By a straightforward computation, the region Q a ,p is exactly the 
set of z € C such that ^s(l/z + <p atP (l/z)) < so that the lemma follows from 
[4, Prop. 5.12 (ii)]. □ 

The region Sl a ,p is a Jordan domain and hence, by Caratheodory's theorem 
(see e.g. [15]), we know that the map G Va extends continuously and gives a 
homeomorphism of C + URU {oo} with f2 Qj p. We denote this extension again 
by G Va p . By the inversion formula for the Cauchy transform, the measure v a ^ p 
has a density with respect to Lebesgue measure which is given by the formula 
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For p G (0,1), the boundary of the region Q. a , P consists in the union of the 
curve given in polar coordinates z = re~ td , by the equation 

sin t 

< < vr, 



^sin[(2 - a)pir + (a - 1)0] 

and the point = G Uap ((X)), so that for any x G R, one has — ^(G Ua :P (x))/n 
> 0. Since the function z 1/z + 4> a ^ p (l/z) is analytic on C + with non- 
vanishing derivative on 9f2 Qj/3 , it follows that G„ a is analytic on R. Let 
us give an expression for this density We have seen that for all x G R, 
there is a unique z £ dCl a>p such that 1/z + 4> a ^ p (l/z) = x. Let us call 
z(x) = G Ua p (x) = r(x)e~ i6 ( x ^ this point, then one has 



r(x) 

and 



sm0(x) 



sin[(2 - a)pir + (a - 1)0 (x) 



x 



1 



+ ■ 



Z(X) \ z { x ) J 

= (smO(x)y^ (sin[(2 - a)pvr + (a - l)6»(x)])i _1 sin[(2 - a)pir + a0(x)}. 

The density of the measure v a ^ p at the point x is equal to — Qz(x)/2ir which 
is equal to 

4> ap (x) = - {sin (x)) 1+ « (sm[(2 - a) p it + (a - 1)0 {x)])-t . 

' IT 

When p = 0, the boundary of the region £l a ,p is the union of the curve, in 
polar coordinates z = re~ td , 

i_ 

smO \ °> 

< < vr, 



sin[(2 — a)pn + (a — 1)( 

and of the interval [0, (a — l) -1 /"] C R. The image by z i— ► 1/z + <f> a ^ p (l/z) of 
d£l ayP n C is the interval (— oo, a(a — l) 1 /" -1 ) which is thus the support of 
the measure v a ,0- On this support, the density is again analytic and given by 
the formula 

= i(sin0(x)) 1+ i(sin[(2 - a)pvr + (a - l)0(x)})-^. 

As remarked earlier, the measure v a ^\ is the image of v a $ by the map 1 1-> — t 
on R. We can summarize the above discussion as follows. 

A1.2. Proposition. For 1 < a < 2 and < p < 1, the measure v a ^ p has 
a positive analytic density on R given by 

4>a, P ( x ) = i(sin0) 1+ i(sin[(2 - a)pvr + (a - l)0])-«, 
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where 9 £ (0, tt) is the only solution of the equation 

x = (sin#)~~(sin[(2 — a)pir + (a — 1)#])~ _1 sin[(2 — a)pir + a 9]. 

The support of the measure u a fl is the interval (— oo, a(a — l) 1 /" -1 ] and v a fl 
has an analytic density on this support, given by the formula 

i>a,o(x) = i(sin£) 1+ i(sm(a - 1)5)"=, 

TT 

where 9 £ (0, tt) is the only solution of the equation 

x = (sin6>)~~(sin(a — 1)6*) ~~ l sin a 9. 

Finally, v a ^\ is the image of v a $ by the map 1 1— > —t. 

Similar considerations allow one to treat the cases (3) (ii) and (4) . We will 
state the result below and leave the proof to the reader. 

A1.3. Proposition. For < p < 1, the measure v\ )P has a positive 
analytic density on R given by 



1 sin 2 1 



7r2p+f(l-2p)0' 
where 9 G (0, tt) is the only solution of the equation 

x=\2p + \(\- 2p)9) cot 9 + \{2p - 1) log ^ 



TT" "J TT" ° 2 p+i(l-2p)9 

The support of the measure V\$ is the interval (— oo, 2jir(\ + log7r/2)] and 
has an analytic density on this support, given by 

^i,o{x) = 

where 9 £ (0, tt) is the only solution of the equation 

2 n n 2, 7rsin6» 
x = — 9 cot 9 H — los 



TT TT 29 

The measure v\^\ is the image of v\$ by the map t \— ► —t. 

Al.4. Proposition. For < a < 1 and < p < 1, the measure v a ^ has 
a positive analytic density on R given by 



4>a, P (x) = -{sm9) l+ a (sin[ap7r + (1 - a)9\) «, 

TT 

where 9 £ (0, tt) is the only solution of the equation 

x = (sin #)~~(sin[a pir + (1 — a)9])~~ 1 sin[a pir — a 9]. 
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The support of the measure v a fi is the interval (—00, —a(l — a) 1 /" -1 ] and v a fl 
has an analytic density on this support given by the formula 

4,oW = i(sin0) 1+ i(sin(l - a)0)"s, 

7T 

where £ (0, n) is the only solution of the equation 

x = — (sin#)~~(sin(l — a)6)~~ l sin a6. 

The measure i/ a> i is the image of v a $ by the map 1 1— > —t. 

Remark. In the case a = 1/2, p = 1, the density has a closed form, as it is 
easy to see. Indeed, the support of the measure is [1/4, +00), and the density 
YV2,i(z) = V4^T/(2vrx 2 ). 

A2. Asymptotic behavior and unimodality of the density 

The explicit formulas of Section Al allow us now to derive some prop- 
erties of EE-stable distributions which are reminiscent of properties of *-stable 
distributions. Note that the proof of these properties is much easier than in 
the classical case. 

A2.1. Proposition. For 1 < a < 2 and < p < 1, 

ipap{%) ~ — x~ Q_1 sin(2 — a)pir as x — > +00, 

7T 

ipa,p{x) ~ — (— x)~ a_1 sin(2 — oj)(1 — p) 7r as x — ► —00. 
For < p < 1, 

Wi,p[x) ~ ^ asu +00, 

7rx^ 

2(1 -p) 

Wi p\x) ~ 5 — as x — > —00. 

7T X 

For < a < 1 and < p < 1, 



a 1 sinap7r as x — ► +00, 

7T 

1 



TV 

fpa p{x) ~ — (— x)~ a_1 sin a(l — p) it as x — > —00. 

7T 

/n a// i/iese formulas, equivalence to zero means that the function is actually 
identically zero in a neighborhood of ±00. 

Proof. Let us check the case where 1 < a < 2, < p < 1, and x — > +00. 
One has then 6^0 and x ~ (sin0) — 1 / a (sin(2 — a)p7r) 1 / Q ; hence sin# ~ 
x~ a sin(2 — a)p7r. Inserting inside the formula for ip a ,p(x) gives the result. □ 

The other cases are similar and left to the reader. 
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A2.2. Proposition. The stable distributions are unimodal. 

Proof. Recall that a probability distribution on R, with a density with 
respect to Lebesgue measure, is called unimodal if this density has a unique 
local maximum. Again we will check the result in the case 1 < a < 2, < p < 1 
and leave the other cases to the reader. The function 

9 i ^ (sin0)~«(sin[(2 - a)pix + (a - 1)6}) « _1 sin[(2 - a)pir + a9] 

is an increasing diffeomorphism of (0, it) onto R, so in view of the formula for 
ipa tP in Proposition Al.2, it is enough to prove that the function 

9 i ^ -(sinfl) 1+ ^(sin[(2 - a) P TT + (a - 1)9])-° 

TT 

is unimodal, i.e., has a unique maximum on (0,7r). Taking the logarithmic 
derivative and equating to zero we obtain the equation 

1 + ^\ cot 9 = (l - ^) cot[(2 - a)pir + (a - 1)9]. 

Taking the inverse of the cot function, with values in (0,7r), we obtain the 
equation 

cot -1 ( cot[(2-a)p7r + (a- 1)9] ) -9 = 0. 

\a + 1 / 

A straightforward computation shows that the derivative of this function is 
strictly increasing for 9 £ (0, tt), so that the function is strictly convex. Since 
it is positive at and negative at tt, it must have only one zero in the interval 
(0,vr), hence the function (sin6») 1+1 / a (sin[(2 - a)pir + (a - l)9])- 1 / a has a 
unique maximum on (0,7r). □ 

A3. Duality laws 

The duality laws for *-stable distributions relate the strictly *-stable dis- 
tributions with stability index a > 1 to the ones with stability index 1/a. 
They are discussed in [23, §2.3]. It turns out that the EE-stable distributions 
obey a law of the same form as the *-stable distributions, as we show in the 
next proposition. We will deal only with the case 1 < a < 2 since, as remarked 
earlier, the strictly ffl-stable distributions of stability index 1 are the same as 
the strictly *-stable distributions, and in any case the duality law is easy to 
check in this case. 

A3.1. Proposition. Let 1 < a < 2 and p e [0, 1], and set a' = 1/a and 
p' = 1 — (2 — a)p. Then for all x > 0, 

i/i a , P ( x ) = x ~ 1 ~ a i>c*i,p>{x~ a ). 
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Proof. Assume that a > 1 and 1 > p > 0. For x > consider the unique 
8 € (0, 7r) such that 

x = (sin6>) - ~(sin[(2 — a)pir + (a — l)^])" -1 sin[(2 — a)pir + a 8]. 
One has a 8 + (2 — a)p 7r < 7r, and 

^,p(x) = i(sin0) 1+ i(sin[(2 - a)pvr + (q - 

Note that 

x~ a = sin 6» (sin[(2 - a)pvr + (a - l)6>])^ _1 (sin[(2 - a)pir + a8])~~J . 

With 8' = p' ir — a 8 G (0, 7r) , we see that 

sin 6> = sin [a' p ir — a' 8'] , 
sin[(2 - a)pvr + (a - 1)0] = sin[a' p' tt + (1 - c/)6"], 
sin[(2 — a)p7r + a #] = sinfl'. 

It follows that 

x~ a = (sm8'y^(sm[a' p'ir+ (1 - a')^])^ 7 " 1 sin[a' p' tt - a' 0']; 
hence Proposition A1.4 implies that 

Vvy(z~ Q ) = i(sin0 / ) 1+ ^(sin[a'p'7r + (l-a , )^]) _ ^- 

The proposition now follows by a straightforward computation. We leave the 
case where p = or 1 to the reader. □ 

As in the case of *-stable distributions, the duality law can be expressed 
as an identity in distribution between two random variables, namely 

Z(a,p) ~ ^P'^j > 

where Z(a, p) denotes a random variable distributed as u a:P , conditioned to be 
positive; see [23, §3.2, especially Thm. 3.2.5]. 

Let us also remark that the duality law extends to the case a = 2 in the 
following form. The measure ^1/2,1 is the image of the semicircle distribution 
by the map t 1— > 1/t 2 . This is easily checked using the explicit formula in the 
remark following Proposition A1.4. 
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A4. Multiplicativity properties of EH-stable distributions 

We will see that the EB-stable distributions supported on (0, +00) have a 
nice behavior with respect to the free multiplicative convolution of measures. 
First recall the definition of the ^-transform of a probability distribution li on 
(0, +00). Define 

*^> = f t^^M;)- 1 - 

Then the function ^/(l + ^f^) is univalent on iC + , with values in iC + , and 
we let Xfi denote the inverse function. The ^-transform of li is the function 
= Xv( z )/ Z - -^ * s defined in a neighborhood of (—00, 0) in iC + , and takes 
positive values on (— 00, 0). If \i and v are probability measures on (0, +00), 
then there exists a unique probability measure on (0, +00), denoted /n^u, such 
that 

in a neighborhood of some interval (— e,0) in C, where these functions are 
defined. The measure li M v is called the free multiplicative convolution of the 
measures li and v. This binary operation was introduced by Voiculescu in [18] 
(see also [3] and [4]). 

According to Propositions A1.2, Al.3, and A1.4, the only EB-stable dis- 
tributions which have their support in (0, +00) are the measures v a ^\ with 
< a < 1. For < a < 1, let v a = i/ Q ,i and a a be the positive one-sided 
*-stable distribution of stability index a, so that 



/•oo 

/ e~ xt da a {t) =e~ x \ x > 0. 
Jo 



For a probability measure li on (0, +00), we will denote fx the image of li by 
the map 1 1— ► 1/t on (0, 00). 

A4.1. Lemma. For all a e (0,1), 

/ — Z \ Q 1 1 

= ( 737 J and ^( z ) = (! - *0" ■ 



Proof. As noted above, ^ ^(z) = G fl (l/z)/z — 1 for any probability mea- 
sure li on (0, +00) and z G C \ R + . Since 

^xjr 1 = -77 1 t-t(i - i-G Va con = 2, 



for z e (—00, 0), we see that 

— -1— — (l - (-z(i + *„ a (z))) a = -; 

z(l + *„„(*)) z 
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hence 

(A4.2) -¥„„(*) = {-z(\ + * Va (zW = (-z) a (l + *„ a (z)r 

for z G ( — oo,0), since then 1 + ^ Ua (z) G (0, +oo). Solving this equation with 
respect to ( = tf„„(z)/(l + *„„(*)) G (-oo,0), we get 

-Z = (-C) 1 /«(l- C )l-l/«; 

hence 

x, Q (C) = -(-C)"(i-C) 1 -", 

and 

E "a(0=(i^) a > CG(-oo,0). 
The claim follows by analytic continuation. □ 

For any probability measure \i on (0, +oo), ^ ^{z) + ^(l/z) + 1 = where 
/2 is the image of [i by i 1— ► From (A4.2), it follows that 

for all z G (— oo,0); hence solving with respect to ( = typ a (z)/(l + ^>v a (z)) we 

S -x, a (C) = (-C)(i-C)"- 1 

and 

S, a (C) = (l-C)«- 1 for CG(-oo,0). 
Again this gives the result by analytic continuation. 
A4.3. Proposition. For all s,t>0, 

v 1 K = v 1 . 

1+s 1+t 1+s+t 

Proof. This is a straightforward consequence of Lemma A4.1, and the 
multiplicativity of the £ transform with respect to free multiplicative convo- 
lution. □ 

We turn now to a remarkable relation between the EE-stable distributions 
and the *-stable distributions. 

A4.4. Proposition. For every a G (0,1), 

v a ^v a = a a ® a a , 

where © denotes the convolution of measures on the multiplicative group 
(0,+oo). 
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Proof. From Lemma A4.1, Tl Va ^c a (z) = (—z) 1 ^ 1 . This ^-transform can 
be inverted (see [5, §5.4]), and the measure u a El i> a turns out to have density 

^sin(a7r)y a - 1 
y 2a + 2cos(avr)y a + 1' y 

with respect to Lebesgue measure. As remarked in [5, §5.4], this measure is 
also equal to a a ® a a . □ 
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